Distribution of Phantom Dark Matter in Dwarf Spheroidals by Hodson, Alistair O. et al.
Astronomy & Astrophysics manuscript no. DwarfPhantom c©ESO 2020
May 29, 2020
On the Distribution of Phantom Dark Matter in Dwarf Spheroidals
Alistair O. Hodson1, 2,?, Antonaldo Diaferio1, 2,??, and Luisa Ostorero1, 2,???
1 Dipartimento di Fisica, Università di Torino, Via P. Giuria 1, I-10125 Torino, Italy
2 Istituto Nazionale di Fisica Nucleare (INFN), Sezione di Torino, Via P. Giuria 1, I-10125 Torino, Italy
Received ...; accepted ...
ABSTRACT
We derive the distribution of the phantom dark matter in the eight classical dwarf galaxies surrounding the Milky Way, under the
assumption that MOND is the correct theory of gravity. According to their observed shape, we model the dwarves as axi-symmetric
systems, rather than spherical systems, as usually assumed. In addition, as required by the assumption of the MOND framework,
we realistically include the external gravitational field of the Milky Way and of the large-scale structure beyond the Local Group.
For the dwarves where the external field dominates over the internal gravitational field, the phantom dark matter has, from the star
distribution, an offset of ∼ 0.1 − 0.2 kpc, depending on the mass-to-light ratio adopted. This offset is a substantial fraction of the
dwarf half-mass radius. For Sculptor and Fornax, where the internal and external gravitational fields are comparable, the phantom
dark matter distribution appears disturbed with spikes at the locations where the two fields cancel each other; these features have little
connection with the distribution of the stars within the dwarves. Finally, we find that the external field due to the large-scale structure
beyond the Local Group has a very minor effect. The features of the phantom dark matter we find represent a genuine prediction of
MOND and could thus falsify this theory of gravity, in the version we adopt here, if they were not observationally confirmed.
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1. Introduction
If we assume that Newtonian dynamics is applicable on scales
of galaxies and beyond, there must be an additional gravitational
source, other than baryons, to explain the observed dynamics.
This source is most commonly attributed to cold dark matter
(CDM) (e.g., Del Popolo 2014). Combining a CDM component
with a cosmological constant Λ is the essence of the ΛCDM
model, which has been widely adopted (e.g., Ostriker & Stein-
hardt 1995; Peebles 2015).
The ΛCDM model is most successful in explaining the ob-
served properties of our Universe on cosmic scales (see for ex-
ample Planck Collaboration et al. 2018 and references therein).
However, in addition to the lack of a direct detection of a
dark matter particle and the fact that the nature of the cosmo-
logical constant is still unknown, there are some issues on the
galactic scale, e.g. the missing satellite problem, the cusp-core
problem, or the satellite alignments, that make the acceptance of
the ΛCDM model without reservation somewhat uneasy (e.g.,
Famaey & McGaugh 2013; Bullock & Boylan-Kolchin 2017;
De Martino et al. 2020). Until these issues can be understood
in the context of ΛCDM (e.g., Del Popolo & Le Delliou 2017),
investigating alternative scenarios is certainly legitimate.
One possibility is that the dark matter has different proper-
ties to CDM: it could be slightly warmer, self-interacting (e.g.,
Spergel & Steinhardt 2000), very light and fuzzy (e.g., Hu et al.
2000; Broadhurst et al. 2018) or a superfluid (Berezhiani &
Khoury 2015). If a different type of dark matter is not a so-
lution, the observed dynamics on galactic scale might suggest
that our gravitational model is incomplete. Most modified grav-
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ity theories focus on the nature of the cosmic accelerated ex-
pansion rather than on the dynamics of galaxies and thus still
assume the presence of a non-baryonic dark matter component
(see, e.g., Clifton et al. 2012 or Joyce et al. 2015 for reviews).
Modified gravity theories that attempt to remove the necessity of
dark matter on galactic scales are relatively fewer. We focus here
on Modified Newtonian Dynamics (MOND) (Milgrom 1983b;
Bekenstein & Milgrom 1984), which, among these theories, is
the most investigated (Famaey & McGaugh 2012).
In this work, we investigate the dynamics of dwarf
spheroidals in MOND. Unveiling the nature of dwarf spheroidals
is particularly relevant because, in the standard framework, their
dynamical properties depend both on the cosmic properties of
dark matter and on the nature of the dark matter particle itself
(e.g., Broadhurst et al. 2019); more importantly, the current un-
detection of gamma-ray signals from dark matter particle annihi-
lation (e.g., Strigari 2018) intriguingly vitalizes the exploration
of theories of gravity with no dark matter.
The luminosity of the so-called classical dwarf spheroidals
is in the range ∼ 105 − 107 L (e.g., Irwin & Hatzidimitriou
1995; Mateo 1998) with velocity dispersion approximately in
the range ∼ 6 − 10 km s−1 (e.g., Walker et al. 2007). In the con-
text of ΛCDM, by assuming that the dwarf spheroidals are in
equilibrium, Jeans analysis shows that these systems require ex-
tended dark matter haloes to explain the velocity dispersion pro-
files (e.g., Walker et al. 2009). Łokas (2009) also suggested that
some dwarf spheroidals may be explained by a mass-follows-
light model, but they still are dark matter dominated. The main
difference between the studies of Walker et al. (2009) and Łokas
(2009) is the different method used to identify which stars are
members of the dwarf galaxy. As mentioned in Łokas (2009),
her method is much stricter than Walker et al. (2009). Indepen-
dently of the exact dataset one assumes to construct the velocity
Article number, page 1 of 15
ar
X
iv
:2
00
5.
13
83
0v
1 
 [a
str
o-
ph
.G
A]
  2
8 M
ay
 20
20
A&A proofs: manuscript no. DwarfPhantom
dispersion profile, both studies conclude that dark matter must
dominate the baryonic matter in these galaxies, although, if one
drops the assumption of dynamical equilibrium, the estimated
amount of the dark matter in dwarf spheroidals might be actu-
ally smaller than currently thought or even totally absent (Ham-
mer et al. 2018).
MOND assumes that Newtonian gravity breaks down in en-
vironments where the gravitational acceleration is smaller than
≈ 10−10 m s−2. Thus, the dynamics of the dwarf spheroidals
are qualitatively understood as they have low internal accelera-
tions, and the deviation from Newtonian gravity should be large.
Large mass-to-light ratios were indeed predicted by Milgrom
(1983b) years before they were actually measured (e.g., Mateo
et al. 1991). By assuming dynamical equilibrium and spherical
symmetry and by adopting a membership identification based on
kinematic information, Serra et al. (2010) improved on the work
of Angus (2008) to show that MOND is successful in explain-
ing the velocity dispersion profiles of dwarf spheroidals, except
for Carina, where the stellar mass-to-light ratio required to match
the velocity dispersion data is quite high compared to what is ex-
pected for the stellar population. Detailed N-body simulations in
MOND do not seem to alleviate this tension (Angus et al. 2014).
For simplicity, spherical symmetry is often assumed for the
stellar distribution of dwarf spheroidals, despite the fact that
these systems tend to be slightly flattened, with observed minor-
to-major axis ratios . 0.7 (Irwin & Hatzidimitriou 1995). In
Newtonian gravity, dwarf spheroidals have been studied under
the assumption that both the stellar and dark matter density com-
ponents are axi-symmetric by Hayashi & Chiba (2015). This
study performed best-fit Jeans analysis, by fitting derived veloc-
ity dispersion profiles along 3 axes, major, minor and the in-
termediate axis, where the intermediate axis is the axis form-
ing an angle of 45◦ from the observed major axis. Hayashi &
Chiba (2015) find that the profiles are best-fit by a dark matter
distribution that is also flattened. However, the flattening pre-
dicted for the dark matter is not necessarily the same as that of
the stellar component, similarly to high-resolution simulations
of dwarf galaxies from the FIRE project (González-Samaniego
et al. 2017), that show that the long-to-short axis ratios for the
dark matter and stellar components are not necessarily equal.
In this work, we improve over previous models of the
dwarves in MOND by self-consistently taking into account two
crucial ingredients: (1) the asphericity of the stellar distribution;
(2) the external gravitational field acting on the dwarf. This ex-
ternal field effect (EFE) is peculiar to MOND: unlike Newto-
nian gravity, where tidal effects disappear in systems embedded
in a constant external gravitational field, in MOND any external
gravitational field across the system affects its internal dynamics.
The EFE plays an important role when it comes to explain-
ing declining rotation curves (Haghi et al. 2016) or how satellite
systems close to the host galaxy may exhibit Newtonian-like be-
haviour despite having low internal accelerations (e.g., Famaey
et al. 2018). Sometimes, it is not possible to know the exact mag-
nitude of the external field effect and therefore some assumptions
must be made. For example, in the work of Haghi et al. (2016)
the external field strength was left as a free parameter and then
checked to see if it could be physically justified.
As we will show below, interpreting the Poisson equation in
MOND with Newtonian gravity returns the so-called phantom
dark matter density. The asphericity of the stellar distribution and
the EFE have thus two important consequences on the phantom
dark matter halo: its asphericity and its offset from the stellar
distribution (Knebe et al. 2009; Wu et al. 2010).
In this work, we investigate these issues in detail. We deter-
mine the phantom dark matter distributions of the eight classical
dwarf spheroidal systems by adopting the Quasi-linear formu-
lation of MOND (Milgrom 2010). We perform calculations as-
suming both a spherical and axi-symmetric baryonic matter dis-
tributions. We also quantify by how much, if at all, the phantom
dark matter peaks are displaced from the baryons.
In Sect. 2, we outline the MOND equations used to calcu-
late the phantom dark matter density. We briefly discuss some
theoretical implications of the MOND paradigm in Sect. 3. In
Sect. 4, we describe the baryonic model used to describe the
dwarf galaxy and the Milky Way. In Sect. 5, we determine the
phantom dark matter density profiles and investigate the rele-
vance of external fields, other than the Milky Way, on the far-
thest dwarf spheroidals. Finally, we discuss our results in Sect. 6
and conclude in Sect. 7.
2. Quasi-linear MOND: QUMOND
Throughout this work, we will be using the Quasi-linear for-
mulation of MOND (QUMOND) (Milgrom 2010), opposed to
the original AQUAL (A QUadratic Lagrangian) formulation
(Bekenstein & Milgrom 1984). The AQUAL and QUMOND
fomulations are identical for spherical systems, but can pro-
duce different dynamics for systems of less symmetry. There-
fore, our analysis of the dwarf spheroidals is technically testing
QUMOND, though the general results and conclusions will also
apply to AQUAL.
The advantage of QUMOND is that the phantom dark mat-
ter density can be determined analytically, even for tri-axial sys-
tems, if the Newtonian gravitational potential is known analyti-
cally. The models of dwarf spheroidals we present have an ana-
lytic solution for the Newtonian gravitational potential, making
the calculation for the phantom dark matter density simple.
In QUMOND, the total gravitational potential Φ is related to
the Newtonian potential ΦN by the equation
∇2Φ = ∇ · [ν(y)∇ΦN] , (1)
where ΦN satisfies the standard Newtonian Poisson equation
∇2ΦN = 4piGρ , (2)
with ρ the mass density that we only associate to stars, and ν(y)
the QUMOND interpolation function
ν(y) =
1
2
+
1
2
√
1 +
4
y
, (3)
with y ≡ |∇ΦN|/a0, and a0 the MOND acceleration constant.
We adopt the common value a0 = 1.2 × 10−10 ms−2, although
slightly different values of a0 associated to different interpolation
functions appear in the literature (see, e.g., Hees et al. 2016). Eq.
(3) is usually referred to as the ‘simple’ form of the interpolation
function (Famaey & Binney 2005; Zhao & Famaey 2006).
If we interpret Eq. (1) as a standard Poisson equation,
the MOND potential is generated by a source function ρˆ =
∇2Φ/4piG. With a Newtonian approach, the quantity
ρph = ρˆ − ρ (4)
is thus interpreted as the density of the dark matter. In MOND,
ρph originates from the incorrect interpretation of the law of
gravity and is referred to as the phantom dark matter density.
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To explicitly model the MOND EFE, we decompose the
MOND potential into two parts: the internal potential Φint, gen-
erated by the stars within the dwarf, and the external potential
Φext, generated by the mass surrounding the dwarf. We thus write
Eq. (1) as
∇2(Φint + Φext) = ∇ ·
[
ν
( |∇ΦN + ∇Φext N|
a0
)
(∇ΦN + ∇Φext N)
]
.
(5)
Interpreting the dynamics of the dwarf governed by the
MOND law with a Newtonian approach would thus imply a
phantom dark matter density
ρph =
1
4piG
[
∇2(Φint + Φext) − ∇2(ΦN + Φext N)
]
. (6)
The Newtonian acceleration ∇Φext N due to the mass distri-
bution surrounding the dwarf mostly originates from the bary-
onic matter density of the Milky Way. This acceleration is ap-
proximately constant within each dwarf galaxy, because the
dwarf sizes of a few kiloparsec are much smaller than their dis-
tance to the Milky Way centre, in the range ∼ 70 − 250 kpc.
Therefore, the ∇2Φext N term in Eq. (6) is close to zero and is in
general smaller than ∇2ΦN, which is proportional to the den-
sity of the stars within the dwarf. In addition, in Sect. 4, we
will see that the internal and external Newtonian fields, ∇ΦN and
∇Φext N, are much smaller than a0. Therefore, the interpolation
function ν in Eq. (3) is boosted and, in turn, according to Eq. (5),
∇2(Φint + Φext) is much larger than ∇2ΦN; from this argument
we expect a large value of the phantom dark matter. In fact, the
observed line-of-sight velocity dispersion profile, assuming dy-
namical equilibrium in Newtonian gravity, implies a large dark
matter component (e.g., Walker et al. 2009), as originally pre-
dicted by Milgrom (1983a).
3. Peculiar Properties of the Phantom Dark Matter
Before moving onto modelling the dwarf spheroidals, we wish to
highlight here some counter-intuitive properties of the phantom
dark matter, mostly due to the EFE, an effect lacking in stan-
dard Newtonian gravity. Specifically, (1) the mass associated to
the phantom dark matter can be negative; (2) the phantom dark
matter can take a different shape than the baryon distribution;
and (3) the phantom dark matter can be offset from the baryon
distribution. At the end of this section, we also mention that the
magnitude of the Newtonian gravitational field going to zero can
be an issue for MOND. We briefly discuss these issues in turn.
Milgrom (1986) shows how a negative density of phantom
dark matter can be required if MOND is the correct theory of
gravity and Newtonian gravity is used to interpret the kinematics
of realistic non-isolated systems. A similar result should be ex-
pected in the system of the Milky Way and the Large Magellanic
Cloud (Wu et al. 2008). Negative phantom dark matter densities
are a neat prediction that is specific to MOND. In principle, a
negative mass density could be observationally confirmed with
gravitational lensing (Wu et al. 2008). If actually observed, this
result would be a major set-back for standard dark matter with
Newtonian gravity, which does not clearly predict such a phe-
nomenon.
The QUMOND interpolation function depends on the mag-
nitude of the Newtonian gravitational acceleration which, in
turn, is derived from the distribution of the baryonic matter.
Therefore, if the baryonic matter is not spherically distributed,
the derived phantom dark matter distribution will also be non-
spherical. Intuitively, if the baryonic matter density is assumed
to be axi-symmetric, say a flattened spheroid, the phantom dark
matter density will also be flattened. This guess is certainly cor-
rect for isolated systems. However, as mentioned above, the pres-
ence of an external field effect can distort the shape of the phan-
tom dark matter. As a consequence, a spherical distribution of
baryonic matter can produce a triaxial distribution of phantom
dark matter, and a non-spherical distribution of baryonic matter
can further alter the shape of the phantom dark matter.
The external field effect also is responsible for the offset of
the phantom dark matter from the baryons (Knebe et al. 2009;
Wu et al. 2010). Due to the external field direction, in addition
to its magnitude, the MOND EFE can alter where the phantom
dark matter is predicted to be. Therefore, its distribution does not
necessarily exactly mirror the baryon distribution of the system
within the external field. We will explain this in more detail for
the specific case of dwarf spheroidals in Sect. 5, but the logic
will be the same applied to other galactic systems.
The MOND paradigm is reliant on the interpolation func-
tion. In this work, we mostly assume two-body systems: the
dwarf spheroidal and the Milky Way. There will thus be re-
gions between the two galaxies where the total magnitude of
the Newtonian gravitational field tends to zero. These regions
will be close to the dwarf galaxy whose baryonic mass is much
smaller than the Milky Way mass. It is clear from Eq. (3) that
as y → 0, ν(y) → ∞. This issue with the interpolation func-
tion is well known. One possible solution to this problem is to
change the interpolation function in such a way that as y → 0,
ν(y) → 1/√y +  where  is a small number (Sanders 1986;
Famaey et al. 2007; Famaey & McGaugh 2012).
4. Baryonic Matter Distribution
Here we illustrate how we model the baryonic matter distribu-
tion within the dwarf galaxies (Sect. 4.1), and the external grav-
itational field due to the Mlky Way (Sect. 4.2). We discuss our
assumptions in the last three subsections.
4.1. Model of the dwarf galaxies
We base our model of the stellar mass distribution within the
dwarf spheroidal galaxies on the Plummer sphere (Plummer
1911)
ρ∗(r) =
3M∗
4pib3
[
1 +
r2
b2
]−5/2
, (7)
where M∗ is the stellar mass of the dwarf and b is a scale radius,
with ∼ 1.3b the half-mass radius (e.g., Walker et al. 2009).
We emphasize that in MOND different forms of the baryon
distribution can induce slightly different phantom dark matter
profiles. Therefore, choosing a different model for the dwarf
spheroidal surface brightness could slightly, quantitatively but
not qualitatively, change our results. Here, we are primarily con-
cerned with the distribution of the phantom dark matter as a con-
sequence of the MOND EFE, thus we decide to leave examining
the role of the dwarf baryon distribution for future work.
We derive the mass density profile by multiplying the ob-
served surface brightness profile by a constant stellar mass-to-
light ratio M/L in the V band. We explore the values M/L = 1,
3, and 5 M/L that span the range of the mass-to-light ratios
found by Angus (2008). According to the results of stellar pop-
ulation models (Maraston 2005), 5 M/L is indeed an upper
limit for stellar mass-to-light ratios.
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Throughout this work, we adopt the stellar mass and scale
radius for the eight classical dwarf spheroidals as given in Mc-
Connachie (2012), who assume a mass-to-light ratio M/L =
1 M/L (see Table 1). We scale this stellar mass according to
our desired stellar mass-to-light ratio.
As mentioned, dwarf spheroidals are slightly flattened ob-
jects. To model this flattening we introduce the parameter q,
the ratio between the intrinsic semi-minor axis and the intrinsic
semi-major axis, to obtain the axi-symmetric distribution (see,
e.g., Hayashi & Chiba 2015)
ρ∗(m2) =
3M∗
4pib3q
[
1 +
m2
b2
]−5/2
, (8)
where m2 ≡ R2 + z2/q2, R and z are the coordinates in the frame
of the dwarf galaxy such that the flattening is in the z-direction,
q is related to the intrinsic ellipticity, int, via
q2 = 1 − 2int , (9)
and M∗ is the total stellar mass.
The next step is to calculate the Newtonian gravitational po-
tential ΦN that appears in Eq. (6) for systems described by the
density distribution of Eq. (8). According to Eq. (2.125b) in Bin-
ney & Tremaine (2008), with their, here unimportant, arbitrary
constant a0 set to 1, we have the Newtonian gravitational poten-
tial due to the stellar distribution within the dwarf
ΦN(R, z)
2piG
= −γ cot γΨ(∞) − q
2
∫ ∞
0
Ψ(m˜)
(τ + 1)
√
τ + q2
dτ , (10)
where q2 = cos2 γ,
m˜2 =
R2
τ + 1
+
z2
τ + q2
, (11)
and
Ψ(m) =
∫ m2
0
ρ∗(m2) dm2 =
M∗
2pib
1 − (1 + m2b2
)−3/2 , (12)
for the ellipsoidal Plummer distribution we model here.
4.2. External field originated by the Milky Way
As mentioned previously, when modelling systems in MOND,
the EFE must be taken into consideration. We choose to do this
in a self-consistent manner by including a simple potential for
the Milky Way. As we are looking beyond spherical symmetry,
the advantage of handling the external field in this manner is that
we automatically get an external field with an x, y and z compo-
nent, so we can place a dwarf spheroidal at its proper location
with respect to the Milky Way and thus provide a more realis-
tic prediction of the expected distribution of the phantom dark
matter.
We model the Milky Way as a single Miyamoto-Nagai stellar
disk yielding a gravitational potential (Miyamoto & Nagai 1975)
ΦMW(x, y, z) = − GMMW√
x2 + y2 +
(
ad +
√
z2 + b2d
)2 , (13)
where z is the dimension perpendicular to the plane (x, y) of the
disk, MMW is the baryonic mass of the Milky Way, and ad and bd
are scale lengths. We list the values for these three parameters in
Table 2.
We adopt the Miyamoto-Nagai disk for the Milky Way
model, because it provides a fully analytic expression for the
Newtonian potential, unlike exponential disk models, that actu-
ally describe real disk galaxies more accurately (see e.g., Mc-
Gaugh 2008 for a Milky Way mass model in the context of
MOND). A more realistic model of the Milky Way would in-
clude a gas disk and a bulge in addition to the stellar disk we
only consider here. We can safely ignore the presence of a bulge
because it introduces negligble corrections to the potential orig-
inated by the Milky Way at the large distances of the dwarves.
As for the effect of the gas disk, we consider the follow-
ing argument. Recently, to calculate the escape velocity from the
Milky Way in the context of MOND, Banik & Zhao (2018) adopt
the baryon distribution of the Milky Way
ρb = ρ∗ disk + ρgas disk + ρgas corona , (14)
where the three density terms refer to contributions from the stel-
lar disk, gas disk and gaseous corona, respectively. Again, the
bulge was ignored as they are interested, as we are, in the field
far away from the Milky Way centre, where the bulge is not dom-
inant.
To show that our model of the Milky Way with a Miyamoto-
Nagai disk is appropriate for our problem, we compare the
Newtonian external field aMN produced by our Miyamoto-Nagai
model, at the position of the dwarf spheroidals, with the New-
tonian external field aExp estimated with a model similar to the
model used in Banik & Zhao (2018). Specifically, we neglect the
density contribution from the gas corona ρgas corona = 0, and, for
both ρ∗ disk and ρgas disk, we adopt the form
ρExp = ρ0sech
(
− z
2z0
)
exp
(
− R
R0
)
, (15)
where the values of ρ0 for the star and gas disks were calculated
assuming the nominal disk masses in Banik & Zhao (2018), and
the scale radii R0 for both disks were taken from Banik & Zhao
(2018). We adopt a disk height of z0 = 300 pc for both disks. Ta-
ble 2 lists the values of the parameters of this Milky Way model.
Figure 1 shows the comparison between the magnitudes of
aMN ≡ |∇Φext N| with Φext N at the position of the dwarf from
Eq. (13), and aExp ≡ |∇ΦExp N| derived from the solution of the
Poisson equation ∇2ΦExp N = 4piGρb, with ρb from Eqs. (14) and
(15): we see that our Miyamoto-Nagai model gives comparable
values of the magnitude of the Newtonian gravitational field to
those of the exponential model.
Although the magnitude of the gravitational field is similar
in the two models, the Cartesian components of aMN and aExp
can be different. Taking Sculptor as an example, the gravita-
tional field due to the Milky Way is mostly oriented along the
z-axis (see Table 1); therefore, although the x and y components
of the gravitational field differ by as much as 7%, we only see a
small difference between the two Milky Way models because the
z components in the two Milky Way models only differ by 3%.
Similarly, for Carina, the largest contribution to the gravitational
field strength is in the y-direction, and, although the z compo-
nents differ by approximately 10%, the x and y components of
each Milky Way model are almost identical, with a difference
smaller than 1%; therefore, when we compare the magnitude of
the gravitational field strength of the two Milky Way models in
Fig. 1, we only see a mild difference around 1%. Similar argu-
ments hold for the remaining dwarves. We therefore conclude
that choosing the simpler Miyamoto-Nagai model will not dras-
tically affect our results.
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Table 1. Data adopted for the dwarf models. Columns in order are: 1) dwarf name; 2) V-band luminosity used to determine the stellar mass; 3)
scale length used in the Plummer model for the stellar distribution (LV and b are from McConnachie 2012 and references therein); 4,5,6 and 7)
coordinates of the Milky Way centre in the Cartesian system where the dwarf is at the origin and the heliocentric distance (from Pawlowski &
Kroupa 2013; McConnachie 2012; see Sect. 4.3).
Dwarf LV (105 L) b (kpc) xMW (kpc) yMW (kpc) zMW (kpc) r (kpc)
Draco 2.7 0.196 -4.3 62.2 43.2 76 ± 6
Ursa Minor 2 0.28 -22.2 52 53.5 76 ± 3
Sculptor 14 0.26 -5.2 -9.8 -85.3 86 ± 6
Sextans 4.1 0.682 -36.7 -56.9 57.8 86 ± 4
Carina 2.4 0.241 -25 -95.9 -39.8 105 ± 6
Fornax 140 0.668 -41.3 -51 -134.1 147 ± 12
Leo II 5.9 0.151 -77.3 -58.3 215.2 233 ± 14
Leo I 34 0.246 -123.6 -119.3 191.7 254 ± 15
Leo I
Leo II
Fornax
Carina
Sextans
Sculptor
Ursa
Minor
Draco
Fig. 1. Comparison of the magnitude of the Newtonian gravity from
two Milky Way models, the Miyamoto-Nagai model aMN (Eq. 13) and
a model using exponential disks, aExp, similar to that of Banik & Zhao
(2018) (Eqs. 14 and 15) at the position of the eight dwarf galaxies. The
model parameters for the two models are given in Table 2. The black
line is a one-to-one line. We see that both models give similar gravita-
tional strengths.
4.3. Our coordinate system: the dwarf model and the
external field combined
To properly estimate the EFE due to the Milky Way on each
dwarf, we need to locate the two galaxies in a reference frame.
We assume a Cartesian reference frame where the origin is lo-
cated at the centre of the dwarf. We define the z-axis to be per-
pendicular to the Milky Way disk with the positive direction
pointing towards the galactic north. The x-axis is parallel to the
line that points from the Milky Way centre to the Sun, and the
y-axis is perpendicular to both the x- and z-axes, and lies on a
plane parallel to the Milky Way disk. Our choice differs from
the Pawlowski & Kroupa (2013) frame where the origin is the
Milky Way centre.
In our Cartesian frame, the Newtonian external field acting
on the dwarf galaxy is thus
Φext N(x, y, z) = ΦMW(x − xMW, y − yMW, z − zMW) (16)
where xMW, yMW and zMW are the coordinates of the centre of
the Milky Way. Table 1 lists these coordinates adapted from
Pawlowski & Kroupa (2013).
We wish to estimate the profile of the phantom dark matter
that, in principle, can be observed from the Sun. We thus adopt
the distance of the Sun from the Milky Way centre R = 8 kpc
(Boehle et al. 2016), and rotate the dwarf to match its observed
shape. In fact, as described in Sect. 4.1, the equations that we
adopt to model the axi-symmetric dwarf spheroidals in three di-
mensions assume that the flattening occurs in the z direction in
the dwarf system. Observationally, we see the dwarf projected on
the sky with an observed ellipticity, whose values is obs ∼ 0.3
for most of the dwarves. To realistically reproduce the observed
situation, we thus choose an intrinsic ellipticity int ∼ 0.5, or
∼ 0.7 (see Sect. 5 below), and rotate the dwarf around the major
axis until the observable ellipticity matches the actual observed
ellipticity.
4.4. Comparing the external and internal Newtonian fields of
the dwarf galaxies
Now that we have set up our model, we can compare the
strengths of the Newtonian internal (aint) and external (aext)
fields. The external field acting on the dwarf is approximately
constant. We compare the value of the external to the internal
Newtonian field of the dwarf at the scale radius, b, of the Plum-
mer model (Eqs. 7 and 8). For simplicity, here we calculate the
internal field at this radius assuming spherical symmetry (q = 1).
Figure 2 shows this comparison. The blue, green, and red
dots in this figure represent the Newtonian gravitational strength
for the dwarf spheroidals given a stellar mass-to-light ratio
M/L = 1, 3 and 5 M/L, respectively. The black line is a one-
to-one line added to allow easy comparison. We stress that in
this figure we show the Newtonian contribution to gravity, not
the total MOND gravitational acceleration.
Each dwarf appears with three points, which are horizontally
aligned, namely with the same aext coordinate: from top to bot-
tom we have Draco, Ursa Minor, Sculptor, Sextans, Carina, For-
nax, Leo II and Leo I. The closer the dwarf is to the Milky Way
centre, the stronger the external field. This correlation does not
need to be true, in general, given that the Milky Way is non-
spherical, but it so happens to be for these eight systems. Blue,
green, and red points show increasing aint, as expected.
Figure 2 clearly shows that for the dwarves Draco, Ursa Mi-
nor, Sextans and Carina, which are located in the top left corner
for small stellar mass-to-light ratios, the EFE is expected to be
substantially more relevant than for the dwarves Leo I and Leo
II, located in the bottom right corner for large stellar mass-to-
light ratios. For the two remaining dwarf galaxies, Sculptor and
Fornax, the internal and external fields are comparable.
Figure 2 only shows one value of the internal field, at the
scale radius b, which is of course not representative of the whole
galaxy. Far away from the centre of the dwarf, the internal field
can be much weaker than this value. Therefore, Carina, which
is just left of the one-to-one line in Fig. 2, will be dominated by
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Table 2. Parameters of the Milky Way models. The top half of the table lists the parameters we adopt for the Miyamoto-Nagai model (Eq. 13),
which we use when we calculate the phantom dark matter profiles for the dwarf spheroidals. The bottom half of the table lists the parameters
used in Banik & Zhao (2018) for a realistic MOND Milky Way model which includes exponential disks (see our Eqs. 14 and 15 for details). This
second model is only used here to compare to the Miyamoto-Nagai model (our Fig. 1) to show that our model is physically justified.
Symbol Parameter Value
MMW disk mass 1.3 × 1011 M
ad disk scale length 5 kpc
bd disk scale length 0.3 kpc
M∗ stellar disk mass 5.51 × 1010 M
Mgas gas disk mass 1.18 × 1010 M
R0∗ stellar disk scale length 2.15 kpc
R0 gas gas disk scale length 7 kpc
z0∗, z0 gas Stellar and gas disk scale height 0.3 kpc
Fig. 2. Comparison of the internal Newtonian gravity of each dwarf at
the scale radius b to the Newtonian external field from the Milky Way at
the position of the dwarf. Blue, green, and red dots represent the internal
gravitational strength calculated assuming a stellar mass-to-light ratio
of 1, 3 and 5 M/L, respectively. The black line is a one-to-one line
added to allow easy comparison.
the external field in its outer regions, whereas Fornax, which is
just to the right of the one-to-one line will have an internal field
comparable to the external field in its outer regions. In Sect. 5
we will discuss these cases in detail.
4.5. External field originated by the large-scale structure
beyond the Milky Way
We have assumed that the external field acting on the dwarf
galaxy is dominated by the Milky Way. However, there are other
sources of external field and here we discuss how relevant these
sources are. We consider the Andromeda galaxy and the large-
scale structure further away.
Assuming that Andromeda has a baryonic mass of MA ∼
(1 − 2) × 1011 M at a distance of d ∼ 800 kpc from the
Milky Way (e.g., Tamm et al. 2012), its Newtonian contribu-
tion to the external field is GMA/(d2a0) ∼ 0.0002 − 0.0004, one
to two orders of magnitude smaller than that of the Milky Way
aMW/a0 ∼ 0.003 − 0.03 (see Fig. 1).
In terms of an external field from the large-scale structure
beyond the Local Group, recent constraints from Milky Way es-
cape velocity measurements require a total external field, acting
on the Milky Way itself, around 0.03a0 in the MOND frame-
work (Banik & Zhao 2018). We can crudely approximate the
Newtonian contribution to this external MOND field by solving
the curl-free, spherical solution to Eq. (1),
aext = ν(aN ext/a0)aN ext, (17)
for aN ext. Doing this yields aN ext/a0 ≈ 0.0009. If we assume that
this field remains roughly constant within a few hundred kilo-
parsecs from the Milky Way, we see that the farthest away dwarf
spheroidals Leo I and Leo II, at ∼ 254 and ∼ 233 kpc, respec-
tively, from the Milky Way, feel a Newtonian external field orig-
inating from structures beyond the Local Group which is around
a third of the Newtonian external field aMW/a0 ∼ 0.003 (Fig. 1)
originating from the Milky Way itself. Therefore, at least for Leo
I and Leo II, the external fields due to the Milky Way and to the
structures beyond the Local Group become comparable and the
field due to structures beyond the Local Group should in princi-
ple be included in our models.
Clearly, in addition to the estimate of the magnitude of the
external field strength from the large-scale structure, we need
to determine its direction. From Wu et al. (2008), who model
the Large Magellanic Cloud in MOND, the main source of the
external field is assumed to originate from the ‘Great Attractor
region’, which is in the Sun-Galactic centre direction. We adopt
the same model. We will discuss exactly how we include this
external field in our model in Sect. 5.
For the sake of completeness, we point out that Wu et al.
(2008) assume a slightly smaller strength of the external field
acting on the Milky Way. They estimated a total external field
from beyond the Local Group of 0.01a0, rather than 0.03a0 as
estimated by Banik & Zhao (2018). Using the curl-free MOND
equation, this 0.01a0 external field would translate to a New-
tonian field of ∼ 0.0001 a0. This value is comparible to the
value for the Newtonian field acting on the Milky Way from
Andromeda (∼ 0.0002 − 0.0004a0). Here, we choose to keep
the stronger external field strength 0.03a0 in line with Banik &
Zhao (2018), but mention this as a note of caution that if the to-
tal external field is indeed weaker, it can become comparable to
the field of Andromeda that will thus need to be included in any
calculation.
In Sect. 5, we will first perform the analysis without the EFE
from the large-scale structure beyond the Local Group, then we
re-introduce it for Leo II, as a case study.
Hypothetically, if the total internal gravitational potential of
a far dwarf galaxy is known accurately, by making a detailed
mass model of the Local Group, it could be possible to estimate
the external field across the dwarf due to the mass distribution
beyond the Local Group, and test whether this contribution is
consistent with the estimate of Banik & Zhao (2018).
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5. Phantom Dark Matter Profiles
Here we show the phantom dark matter density profiles for each
of the eight Milky Way dwarf spheroidals as calculated from
Eqs. (5) and (6): in Sect. 5.1 we consider the EFE due to the
Milky Way alone, and in Sect. 5.2 we include the additional ef-
fect of the large-scale structure beyond the Local Group.
For each dwarf we will show the results assuming a stellar
mass-to-light of 1, 3 and 5 M/L, to capture the MOND pre-
diction for the lowest and highest stellar mass estimates. For the
flattening, we assume an average intrinsic ellipticity int = 0.5.
This value is chosen in line with the analysis of Salomon et al.
(2015), which examined intrinsic axis ratios of satellite galaxies
of Andromeda. The only caveat to this assumption is the case of
Ursa Minor, whose observed ellipticity is obs = 0.56, much flat-
ter than the other 7 dwarf spheroidal, whose observed ellipticity
is obs ∼ 0.3. The sample of galaxies from Salomon et al. (2015)
contains systems which have similar observed ellipticities to that
of Ursa Minor. The three values of the intrinsic ellipticity esti-
mated by Salomon et al. (2015) for these systems are in the range
0.65 - 0.77. For Ursa Minor, we thus adopt the average intrinsic
value int = 0.7.
We show the three-dimensional distribution of the phantom
dark matter derived from our calculation as follows. We show
the density profile along three directions: the line of sight as ob-
served from the Sun, the observed major axis and the observed
minor axis; these lines are chosen such that they are perpendic-
ular to each other and intersect at the centre of the dwarf galaxy.
Finally, to highlight the deviation from the spherical approx-
imation, we also plot a normalised phantom dark matter density
ρ˜ = ρ/ρsph where ρsph would be the prediction if we assumed a
spherical distribution for the baryonic matter within the dwarf.
Clearly, we always use the axi-symmetric model for the Milky
Way even when calculating ρsph.
5.1. Dwarves in the field of the Milky Way
The top panels of Figs. 3 – 10 show the phantom dark matter
distribution for the eight dwarves sorted by decreasing external
field. The blue, green and red curves assume a stellar mass-to-
light ratio of 1, 3 and 5 M/L, respectively. Solid curves are
for a flattened baryonic component and dashed curves are for
a spherical distribution. We obtain the spherical distribution by
setting q = 1 in equation (8) and thus, in turn, by setting the
scale radius of the sphere to the semi-major axis b of the ellip-
soidal distribution. The panels in the upper row show the phan-
tom dark matter distribution along the line of sight from the Sun
(left panel), along the major (positive vertical axis of the middle
panel) and minor axis (negative vertical axis of the middle panel)
as observed from the Sun, and along the line of sight from the
Milky Way centre (right panel). The panels in the middle rows
show the ratio ρ˜ = ρ/ρsph between the densities of the ellipsoidal
and spherical distributions; the panels in the bottom rows show
the magnitude of the internal Newtonian gravitational acceler-
ation. The panels in the middle and bottom rows are arranged
from left to right as in the upper panels. The black line in the
bottom panels shows the magnitude of the external field, which
is almost constant across the dwarf galaxy. In all the left and
right panels, the Milky Ways is at large positive radii.
When the external field is much larger than the internal field
(Carina, Draco, Sextans, and Ursa Minor), MOND predicts a
Newtonian-like behaviour except for an inflated gravitational
constant. When the external field is much smaller than the in-
ternal field (Leo I, and Leo II), the MOND prediction returns to
the isolated case.
In the intermediate case, where the internal and external field
strengths are comparable, the behaviour becomes more compli-
cated, as anticipated in Sect. 4.4 and Fig. 2. Since the internal
Newtonian gravity points towards the dwarf centre, at the far
side of the dwarf from the Milky Way, i.e. at the negative axis of
the radial coordinate in each of the line-of-sight panels of Figs.
3−10, the external field of the Milky Way acts with the internal
field of the dwarf galaxy; on the other hand, at the closest side,
i.e. at the positive axis of the radial coordinate in the line-of-sight
panels, the external field acts against the internal gravity. This
difference causes the phantom dark matter predicted by MOND
to be distributed non-spherically, with a density peak offset from
the baryonic centre towards the Milky Way.
The magnitude of the offset depends on the comparative
strengths of the internal and external fields. In agreement with
the expectation from Fig. 2, the offset is substantial for Sculptor
for any mass-to-light ratio, for Draco and Carina for large mass-
to-light ratios, and for Fornax and Leo II for small mass-to-light
ratios.
The luminosity of Ursa Minor, Carina, Draco, and Sextans
are in the range [2, 4.1] × 105 L and are the least luminous
dwarves in the sample (Table 1). Combined with their scale
lengths b, these luminosities yield the smallest baryonic densi-
ties and, thus, the weakest internal gravitational fields (Fig. 2)
and the smallest phantom densities (top panels of Figs. 3-10).
In Ursa Minor and Sextans, which have the smallest baryonic
density, the internal gravitational field is so weak that the phan-
tom dark matter density show a negligible offset compared to the
offsets of all the remaining dwarves.
The direction of the EFE acceleration is crucial in addition to
its magnitude, as we show with the following consideration. By
looking at the acceleration profiles (bottom panels) for Sculptor
(Fig. 5), Fornax (Fig. 8) and Leo II (Fig. 9), we see that the exter-
nal field from the Milky Way is comparable to the internal field
of the dwarf galaxy, depending on the assumed mass-to-light ra-
tio. On the side of the dwarf closest to the Milky Way centre,
these fields act in opposite directions. As we are essentially deal-
ing with a two-body problem, there will be a point where the net
Newtonian field is zero. Due to the formulation of QUMOND,
at this zero point, we would expect a rise in the MOND interpo-
lation function, creating a large amount of phantom dark matter.
This effect is not obvious in Figs. 5, 8, and 9, because we are
looking at the line of sight from the Sun and not from the Milky
Way centre. To see this effect more clearly, the right panels of
Figs. 3 – 10 show the results for when the line of sight is be-
tween the Milky Way centre and the dwarf galaxy: for example,
for Sculptor, the peak of ρph for the largest mass-to-light ratio is
roughly a factor of three larger compared to the profile observed
from the Sun.
Along the line of sight between the Milky Way centre and
the galaxy, Sculptor and Fornax (and to a lesser extent Leo II),
exhibit an additional effect, namely the presence of two peaks in
the phantom dark matter density profile for mass-to-light ratio
M/L = 3 M/L for Sculptor and M/L = 1 M/L for Fornax
and Leo II. This result is due to the shape of the internal accelera-
tion profile. We have adopted a Plummer model (Plummer 1911)
for the baryonic matter of the dwarf galaxy. The enclosed mass
of the baryonic matter is thus proportional to r3 when r  b,
with b the Plummer scale length, and approximately constant
when r  b. Therefore, as shown in the bottom panels of Figs. 3-
10, the Newtonian acceleration is proportional to r when r  b
and proportional to r−2 when r  b. It follows that the inter-
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Fig. 3. Phantom dark matter in Draco. The blue, green, and red curves assume a stellar mass-to-light ratio of 1, 3 and 5 M/L, respectively.
The solid curves are for a flattened baryonic component and the dashed curves are for a spherical distribution. The panels in the upper row show
the distribution of the phantom dark matter in units of 107 M kpc−3 along the line of sight from the Sun (left panel), along the major (positive
vertical axis of the middle panel) and minor axis (negative vertical axis of the middle panel) of the ellipsoidal distribution on the plane of the sky
as observed from the Sun, and the distribution along the line of sight from the Milky Way centre (right panel). The panels in the middle and bottom
rows show the value of ρ˜ = ρ/ρsph and the magnitude of the internal Newtonian gravitational acceleration, respectively. In the middle and bottom
rows, the panels are arranged from left to right as in the upper panels. The horizontal black lines in the bottom panels show the magnitude of the
external field, which is almost constant across the dwarf galaxy. In all the panels, the vertical black solid lines locate the centre of the dwarf. In the
left and right panels, the Milky Way is at large positive radii.
nal Newtonian acceleration gets stronger as the enclosed mass
grows until it reaches a maximum; it then starts to get weaker far
from the object’s centre.
As shown in the bottom left and right panels of Fig. 5 for the
green line relative to the mass-to-light ratio M/L = 3 M/L
for Sculptor, if the external field is slightly weaker than this
maximum, there are two points where the Newtonian external
field strength is equal to the Newtonian internal field strength.
Therefore, if the external field is acting in the opposite direction
to the internal field, there are two points where the net Newto-
nian gravity will tend to zero. This behaviour of the Newtonian
field causes the MOND interpolation function to increase at two
points resulting in two phantom dark matter density peaks. We
emphasize that the magnitude of these effects depends on the
internal Newtonian gravity and thus on the stellar mass-to-light
ratio of the dwarf.
This argument also explains the very irregular shapes in the
ρ˜ plot. In fact, the relative strengths of the internal and external
field can be different for the flattened and spherical stellar distri-
butions, and the peak of the phantom dark matter may occur at
a different place for a flattened system and a spherical system.
Thus, according to the argument above, these irregular features
are expected to be more evident in Fornax and Sculptor, where
the internal and external gravitational field strengths are compa-
rable, whereas Carina, Draco, Leo I, Sextans and Ursa Minor,
where the internal field is either much weaker or much stronger
than the external field, exhibit well behaved ρ˜.
5.2. Including additional external fields
As previously mentioned, there are additional external fields act-
ing on the dwarf galaxies, besides the Milky Way’s field. In
Sect. 4.5, we estimated that the additional Newtonian external
field could be as strong as aN ext/a0 ≈ 0.0009 (Eq. 17). From
Fig. 2, we can see that this value is comparable to the Milky
Way’s external field felt by the farthest away classical dwarf
galaxies, Leo II and Leo I, where the external field originating
from the Milky Way is weakest. The internal field of these galax-
ies is larger than the external field, but there should still be an
effect present. Here, we quantify how much the external field
of the large-scale structure beyond the Local Group affects the
phantom dark matter distribution of Leo II, as a case study.
Following the discussion on the large-scale external fields
from Wu et al. (2008), we approximate that the external field
acting on the Milky Way comes from the Great Attractor, which
is in the direction of the Milky Way centre from the Sun. In our
coordinate system (Sect. 4.3), the Great Attractor is thus located
at a large negative x coordinate, whereas Leo II is at the origin
and the Milky Way in between. Therefore, the Milky Way ex-
ternal field and the external field from the Great Attractor will
be acting together rather than opposed, and including the Great
Attractor slightly increases the magnitude of the external field.
To quantify this effect, we assume a point-like mass 1015
M at a distance of 40 Mpc; at this distance, the external field
from this source is approximately constant across the Milky
Way. Fig. 11 shows the phantom dark matter distribution along
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Fig. 4. Same as Fig. 3 for Ursa Minor.
Fig. 5. Same as Fig. 3 for Sculptor.
Article number, page 9 of 15
A&A proofs: manuscript no. DwarfPhantom
Fig. 6. Same as Fig. 3 for Sextans.
Fig. 7. Same as Fig. 3 for Carina.
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Fig. 8. Same as Fig. 3 for Fornax.
Fig. 9. Same as Fig. 3 for Leo II.
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Fig. 10. Same as Fig. 3 for Leo I.
the line of sight, with r = 0 the dwarf centre and the negative
r the side between the centre of Leo II and the centre of the
Milky Way. The dotted curve is with the Milky Way external
field alone and the solid curve is with the additional external
field from the Great Attractor. Here, we assume a mass-to-light
ratio M/L = 1 M/L for Leo II.
Both curves are similar except at the dwarf centre (r = 0)
and at a radius r ∼ −0.4 kpc, the side of Leo II closer to the
Milky Way. The difference at r ∼ −0.4 kpc is due to the fact
that there is a point between the dwarf and the Milky Way where
the net Newtonian gravity is zero, whereas the difference at the
centre is due to the internal Newtonian gravity going to zero, as
the enclosed mass is zero at r = 0. The interpolating function
boosts the MOND acceleration at small values of the Newtonian
gravity. Therefere, at both these points, r ∼ −0.4 kpc and r = 0,
the phantom dark matter is sensitive to the small changes in the
external field.
The difference we see in Fig. 11 along the line of sight is the
largest we can expect. In fact, the Sun is very close to the Milky
Way centre, relative to the position of the dwarf, and thus the line
of sight is close to the line between the Milky Way and the dwarf.
It follows that the zero point of the Newtonian gravity is closer
to the line-of-sight direction compared with the observed minor
and major axes. Thus the change in the phantom dark matter
profile is greater along the line-of-sight than along the other two
axes, that we do not show.
In conclusion, we find that the difference in the phantom dark
matter distribution as a result of adding in this extra term is very
mild, smaller than a few per cent.
Fig. 11. Phantom dark matter profile in units of 107 M kpc−3 for Leo
II along the line of sight with and without the external field from the
large-scale structure beyond the Local Group. The Milky Way is in the
direction of negative r. See sections 4.5 and 5.2 for details.
6. Discussion
The results reported in the previous section are based on a model
that goes a step forward from the usual approach adopted for
dwarf galaxies in MOND, but it still relies on a specific choice of
the interpolation function. We now briefly discuss these issues.
The middle rows of Figs. 3–10 clearly show that the phan-
tom dark matter distribution along each axis is severely altered
due to the non-spherical distribution of the baryons. In princi-
ple, it might appear appropriate to model the dwarf spheroidals
in MOND by solving the Jeans equations for self-gravitating
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axi-symmetric systems, similarly to the approach of Hayashi &
Chiba (2015) in a ΛCDM context. Unfortunately, in MOND, the
EFE cannot be neglected and, in general, it removes almost all
the axial symmetry. However, at least for the dwarf spheroidals
where the external field dominates over the internal field, this
approach might be viable, because the integration of Eq. (5), by
ignoring the curl field, reduces to
∇(Φint + Φext) ∼ ν
( |∇Φext N|
a0
)
(∇ΦN + ∇Φext N) , (18)
and the MOND gravitational field becomes a = aN × Geff/G,
where aN = −∇ΦN − ∇Φext N is the Newtonian gravity and
Geff = Gν(|∇Φext N|/a0) is a re-scaled gravitational constant.
Therefore, although these galaxies can be properly described by
a mass-follows-light model (e.g., Łokas 2009), when interpreted
in Newtonian gravity, they are still dominated by massive halos
of dark matter (e.g., Walker et al. 2009).
For the remaining dwarves, the approach we present in this
work is the simplest that returns reliable results. Our approach
also is to be preferred to the approximation sometime adopted
to study systems in QUMOND, when a constant external field is
present. In fact, the integration of Eq. (5), by ignoring again the
curl field, gives the MOND internal field
∇Φint(r) ' ∇ΦN(r)ν
( |∇ΦN(r) + ∇ΦN ext|
a0
)
+ ∇ΦN ext
[
ν
( |∇ΦN(r) + ∇ΦN ext|
a0
)
− ν
( |∇ΦN ext|
a0
)]
,
(19)
where the MOND external field is estimated as ∇Φext '
ν(|∇ΦN ext|/a0)∇ΦN ext. For external fields originated by flat sys-
tems like the Milky Way, ∇ΦN ext has a preferred direction and it
can be ignored when considering directions perpendicular to it.
In this case, the second term in the right-hand side of Eq. (19)
can be neglected and we have
∇Φint(r) ≈ ∇ΦN(r)ν
 √|∇ΦN(r)|2 + |∇ΦN ext|2a0
 (20)
where the approximation
|∇ΦN(r) + ∇ΦN ext| ≈
√
|∇ΦN(r)|2 + |∇ΦN ext|2 (21)
again holds in the directions perpendicular to the external field
(e.g., Haghi et al. 2016). Although this approximation is not
completely accurate, as it neglects the specific direction of the
external field with respect to the internal field (e.g., Famaey
& McGaugh 2012), Eq. (20) is often acceptable for first order
approximations (e.g., Angus 2008); moreover, when |∇ΦN| 
|∇ΦN ext|, Eq. (20) reduces to
∇Φint(r) ≈ ∇ΦN(r)ν
( |∇ΦN(r)|
a0
)
, (22)
which is the standard formula for spherical systems.
Our results in the previous section, however, highlight the
need to move beyond this first order approximation, as phantom
dark matter offsets will be missed if spherical symmetry is as-
sumed.
Our full approach indeed shows that for some dwarf
spheroidals, MOND can predict a phantom dark matter peak
significantly offset from the baryons. This effect clearly is most
prominent in the case of Fornax and Sculptor, where the internal
and external fields are comparable and the approximations of
neither Eq. (18) nor Eq. (22) apply. The position of the peaks de-
pends on the relative strength of the internal and external fields.
In the case of Fornax and Sculptor, the peak appears close to 100
pc or even 200 pc from the centre in the direction of the external
field. This displacement is not trivial, because it is of the order of
the dwarf half-mass radius, which is ∼ 1.3 times the scale radius
b (see Table 1). Of course the exact value of the offset depends
on the stellar mass-to-light ratio used.
Therefore, if the data for a dwarf spheroidal interpreted in a
Newtonian framework prefer a dark component which is aligned
with the baryons, we would conclude that ΛCDM should be
preferred over modified gravity. However, the opposite is not
trivially true. In fact, after analysing the EAGLE (Schaye et al.
2015) and cosmo-OWLS (Le Brun et al. 2014) simulations, Vel-
liscig et al. (2015) show that the stellar components can in prin-
ciple be misaligned from the host halo in ΛCDM. However,
detailed numerical simulations of dwarf galaxies would need
to be conducted to quantify the largest displacements between
dark haloes and their stellar component allowed in the standard
model.
We are also of course assuming a static set-up. In reality the
dwarf is in motion around the Milky Way with the external field
constantly changing in time (Angus et al. 2014). The density
and velocity fields of the stars within the dwarf do not instan-
taneously adapt to the varying external field and the observables
might thus mirror a situation slightly different from the situation
expected at the current position of the dwarf in a static model
(Famaey et al. 2018). Numerical simulations could potentially
quantify this dynamical delay and quantify, in a more realistic
scenario, the phantom dark matter displacements, although we
do not expect them to be substantially different from those sug-
gested here.
From these more realistic models, we could derive specific
predictions on the distortion of the density and velocity fields
of the stars within the dwarf. These distortions could, in prin-
ciple, be observable with accurate measurements of the surface
brightness distribution of the dwarf and with measurements of
the proper motions of the dwarf stars with future astrometric
missions (The Theia Collaboration et al. 2017; Malbet et al.
2019). Specifying these theoretical predictions and the observa-
tional sensitivity to validate them require further investigations.
We conclude our discussion with a note on the singularity
of the interpolation function, when the Newtonian gravitational
field is zero. Singularities often appear in toy models like ours.
However, the qualitative prediction remains valid. For example,
the Navarro et al. (1996) density profile is singular at the origin,
but a cuspy density profile of dark matter halos remains a general
prediction of the standard model. Similarly, although the singu-
larity of the interpolation function is indeed responsible for the
spikes of the phantom dark matter distributions in Fornax and
Sculptor, we expect that moving to a more realistic interpolation
function will reduce, but not remove, these spikes. Due to these
singularities, when plotting the phantom dark matter density pro-
files, the particular choice of discretization and step size sets the
position of the points around the singularity; therefore, the lines
around these points can slightly vary. However, away from these
singular points, the general features of the phantom dark matter
density profiles remain unchanged even when slightly larger or
small step sizes are used.
There are MOND-like formulations which do not require an
interpolation function, such as the one in Babichev et al. (2011),
whose cosmological model has been investigated by Złos´nik &
Skordis (2017). In this model, which is based on the Tensor-
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Vector-Scalar (TeVeS) formulation of Bekenstein (Bekenstein
2004), the total gravitational field is composed of a Newtonian
term and a scalar field. Whereas in TeVeS the scalar field is con-
trolled by an interpolation function, the model of Babichev et al.
(2011) suppresses the scalar field using a Vainshtein screening
term, usually found in Galileon theories of dark energy. Unfortu-
nately, on non-linear scales, this model has not yet been explored
beyond spherical symmetry, and therefore we cannot apply it to
our systems to explore its predictions when the Newtonian field
goes to zero.
7. Conclusion
We have computed the phantom dark matter density predicted
in MOND for eight dwarf spheroidal galaxies in the vicinity of
the Milky Way. By approximating the stellar distribution within
the dwarf spheroidals with an axi-symmetric flattened spheroid,
we show how (1) the aspherical shape of the baryons and (2)
the external gravitational field affect the phantom dark matter
distribution in these objects.
As expected, the flattening of the stellar component yields
significantly altered phantom dark matter distributions compared
to the spherical case. The level of flattening of the phantom dark
matter density depends on both the flattening of the stellar com-
ponent and the direction of the external field.
The EFE is a major contributor in determining the distri-
bution of the phantom dark matter in the dwarf spheroidals: in
most dwarves, Draco, Sculptor, Carina, Fornax, and Leo II, the
phantom dark matter is offset from the baryons by a substan-
tial fraction of the half-mass radius. In addition, for Sculptor
and Fornax, where the internal and external gravitational fields
are comparable, the phantom dark matter distribution displays
substantial spikes where the two gravitational fields cancel each
other; these spikes are basically unrelated to the stellar distribu-
tion. For the second farthest dwarf spheroidal in our sample, Leo
II, the large-scale external field beyond the Local Group has an
additional small effect on the phantom dark matter distribution,
which clearly depends on the exact external field strength and
direction.
The offset in the phantom dark matter density profile in most
dwarves and the spikes in Sculptor and Fornax are a genuine pre-
diction of MOND and could potentially discriminate between
MOND and the standard ΛCDM model. For example, dwarf
spheroidals might be able to help constrain the gravitational po-
tential of the Milky Way and also the large-scale external field
exerted on the Milky Way: each dwarf lies at a different posi-
tion from the Milky Way, therefore by comparing the dynamics
of multiple dwarf spheroidals one may be able to argue for or
against MOND. There are pairs of dwarf galaxies which lie at
similar distances (within a couple of parsecs) from the Milky
Way centre: Leo I and Leo II, Ursa Minor and Draco, Sextans
and Sculptor. If these dwarf spheroidals require a significantly
different external fields to explain their dynamics, this could
present a challenge to MOND. On the other hand, if the MOND
external field effect describes the dynamics in a self-consistent
manner, this would be a very strong case for MOND.
As a cautionary tale, we emphasize that if the phantom dark
matter offsets we find here are not detected, we cannot con-
clude that MOND is ruled out. In fact, the offsets are governed
by the interaction between the external and the internal fields.
There are MOND-like ideas, such as Modified Inertia (Milgrom
1994), where the EFE behaves in a different manner to that of
the more familiar MOND formulation (Milgrom 2011) we adopt
here. Therefore, in principle, it is not possible to conclude that
MOND as a concept is ruled out if such offsets are not observed,
but these observations could provide insight into the exact for-
mulation of MOND.
We finally acknowledge that we are working with a very
simplified model where the baryons are distributed according
to analytical models. We are also assuming a static potential.
These assumptions are indeed usual and are often applied to
dwarf spheroidals in a ΛCDM context such as in, for example,
Walker et al. (2009), although numerical simulations in MOND
can clearly more realistically model a time-dependent EFE af-
fecting the dwarves on their orbits around the Milky Way (Angus
et al. 2014). Our goal here was to highlight a couple of interest-
ing features which arise when applying these same assumptions
to a MOND framework. Due to the non-linear nature of MOND,
there are some nuances which have to be carefully considered
compared to a ΛCDM framework.
We believe that highlighting these issues will eventually lead
to more detailed predictions of dwarf spheroidal dynamics and
ideally lead to an observational distinction between ΛCDM and
MOND. For example, the inclusion of proper motions of the
stars in dwarf spheroidals, in addition to their velocity disper-
sion profiles, to model their dynamics, was proposed in the past
(e.g., Wilkinson et al. 2002; Strigari et al. 2007) and by future
astrometric Theia-like mission (The Theia Collaboration et al.
2017; Malbet et al. 2019), and was recently achieved for Sculp-
tor, based on Gaia data (Massari et al. 2018). The proper mo-
tions of stars can vastly improve the constraints on the internal
dynamics of dwarves (e.g., Strigari et al. 2018) and thus pro-
vide additional stringent tests of the theory or gravity. We plan
to investigate the role of proper motions in this context in future
work.
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